COKDEGISKENLILIGI YUKSELTILMIS CARPIMLAR GOSTERILIMINDE
YENI BiR DESTEK iSLEVI BELIRLEYIS YONTEMI

OZET

Giiniimiizde yaganan olaylar birden ok degisken ya da degistirgenin (ing: parameter)
birbiri ile etkilesimi aracib@iyla ortaya ¢ikmaktadir.  Bu olaylarn anlasiimas: ve
aynntilanmin dile getirilmesi, gegmisle yasanmig ya da gelecekte yaganmas: olas:
andiran (benzer) olaylann goziimleyisinde (ing: analysis) ¢ok onemli bir yer tutar.
Andiran durum, bilimeil sorunlar icin de gegerlidir. Sozgelimi, bir dizgenin (ing:
system) evrimi (ing: evolution), bir ortamn sicakli@imn artinn ya da azalima,
insan damar a@ bigelendirimi (ing: modelling) ve kan akigindaki etkilegimler,
tutumbilim (ing: economy) ve degisik ilke paralan arasindaki oranlarn anhk
durumundaki dalgalamglar gibi olgulann tiimiinde birden gok kavranmun birbirinden
bagimli ya da bagimsiz olarak degisimi giindeme gelmektedir. Bu yiizden, goz 6ntine
alinan sorunlarda ¢okdegiskenliligin anlagiimasi olgusu oldukga 6nem kazanmaktadir,
Bilimle u@rasan bireyler (ing: scientists), cle aldiklan sorunlan gozlemleyerek
veri (ing: data) toplarlar ve bu verileri etkin bi¢imde yansitan g¢oziimeiil (ing:
analytic) bigeler (ing: models) olugturmaya cahgirlar.  Olusturduklar bigelerin
dogrulugunu andiimlar (ing: simulations) yardimiyla sinarlar.  Tiim bu asamalar,
yogun ¢okdegiskenlilik iceren durumlarda olduk¢a karmagiklagir. Bu yiizden, elde
edilen bicelerin aynstinlarak, kolay iglenebilir duruma getirilmeleri de en az bigeleyis
diizeyinde onem kazanmig olur. Stzkonusu bigeler, uzbilim (ing: mathematics) dilinde
cokdegiskenli islev (ing: multivariate function) olarak adlandirilir ve bu tiir iglevlerin
aynstnmi sorunu (ing: problem), yukanda belirtilen nedenlerden &tiiril, lizerinde
ditgiiniilmesi gereken oldukga dnemli bir olgudur.

Az once belirtilen amag dogrultusunda, Prof. Dr. Metin Demiralp Onciiligindeki
Bilisim Enstitiisii Bilgisayim Bilimi ve Yéntemleri Toplulugu (BEBBYT) iiyelerince bir
takim sayicil yontem (ing: numerical methods) geligtirilmistir. Bu yontemlerden biri,
giinimiizde tuirli bilimcil ve Slgmenlik ( ing: engineering) sorunlari igin oldukga etkin
olarak kullamlan Cokdegiskenliligi Yiikseltilmig Carpimlar Gosterilimidir (CYCG).
CYCG, gegmisi 1990°lara dayanan ve Rus sayitime) (ing: statistician) Sobol’ca
onesiiriilmiig sayitim (ing: statistics) tabanh bir yontem olan Yiksek Boyutlu Bige
Gosterilim (YBBG) yonteminin bir dzelsizlegtirimidir (ing: generalization). CYCGile
bir gokdegiskenli iglevi kendisinden daha az sayida degisken igeren iglevler tiirlinden
yazmak olanakli olmaktadir. Bu da bilimcil yazinda (ing: scientific literature)
“aynstinm " sozciifiiyle belirtilen kavramdan baska bir sey degildir.  Yukanda
sozii edilen “az sayida degisken iceren iglevier” kavranu ile belirtilmek istenen
ise, CYCG bilesenleri ve tekdegiskenli destek islevieridir.  Tekdegigkenli destek
islevleri, ilgili CYCG aynstinminin olugturumunda yer alan onemli 6geler olmakla
birlikte CYCG'nin YBBG ye gore daha esnck bir yontem olarak diisiiniilebilmesine
de olanak saglar. Bir gokdegiskenli islevin CYCG agihiminm gergeklestirilebilmesi
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icin, ilgili iglevin, fizerinde gahigilan ¢okboyutin dikgen uzamm (ing:  orthogonal
geometry) Uzennde ¢ozumeul (ing: analytic) olmast gerekir, Bunun yamisira, ilgili
kosulu saglayan cokdegiskenli iglevierin CYCG agihmlar: (aynghrimlan) sonlu sayida
terimin istiiste toplanimindan olugmaktadir. Elde edilen acilimin belli sayida terimi
alimip, geriye kalanlar gozard: edildiginde ilgili ¢oziimeill gokdegiskenli igleve bir
yaklastinm gergeklegtirilmis olur. Bu yaklasunmin etkinligini etkileyen birgok neden
olmakla birlikte. bunlardan en onemlisi, CYCG yaklagunminda kullamlan destek
islevleridir. Destek iglevlerinin uygun secimiyle, goz oniine alnan okdegiskenli
isleve etkin CYCG yaklasunmlari iiretmek olanakhdir. Bu baglamda, adi gegen
destek islevlerinin, en etkin CYCG yaklagtinmin verecek sekilde eniyilenigi (ing:
optimization) bilyik Onem tagir. Savda, bu olgu ele alinmig ve aragtrimlar
baglaminda, CYCG 'nde destek iglevi eniyileyisi igin etkin bir yontem elde edilmistir.
Bu yontemin geligtirimi, aslinda, sav arastinmlarimin baglangicinda gézlemlenen
bir olguya dayanmaktadi. Bu olgu, CYCG aynstrim icin iizerinde gahgilan
uzamun kiigiiltimiintin CYCG yaklagunmianmn niteligine olumlu yonde katki vermesi
durumudur, Boylelikle, bir cokdegiskenli igleve, iizerinde tammli oldugu ¢okboyutlu
uzay tizerinde CYCG yaklagurim yapmak yerine, bu uzayr aym sayida boyut igeren
altuzaylara aynp ilgili igleve her bir altuzayda CYCG yaklastinnu uygulama yoniemi
benimsenmigtir.  Elde edilen yeni yonteme Altkesimeil (ing: piccewise) CYCG
denilmig ve bu yontem ile yapilan yaklagunimlarin, CYCG kullamlarak elde edilen
yaklastinmlara gore daha etkin oldugu sayicil uygulamalar ve agkimizgecil goriintil
(ing: hyperspectral imagery) verileri izerinde gerceklestirilen uygulayislar aracihgryla
gosterilmigtir.  Altkesimeil CYCG yardimiyla agkinizgecil goriintiiler igin 6zgiin bir
kayiph sikigtnm (ing: lossy compression) uzigi (ing: algorithm) bilimcil yazina
kazandirilmis ve umut verici tepe-im-gilriiltii oram (ing: peak-signal-to-noise ratio)
degerleri elde edilmigti. Daha dar uzamlarda, etkinlifinin arttnldify gosterilen
CYCG nde kullanilan destek iglevlerinin eniyileyisi igin saptrim (ing: perturbation)
tabanh bir yontem gelistirimi olgusu 6ne gikmugtir. Bunun nedeni, igerisinde Kiiglik
degerli degistirgeler igeren sorunlarin, saptirim agthmlar kuramu (ing: perturbation
expansions theory) yardimiyla etkin bigimde g¢ozillebilmeleri olgusudur. Destek
islevlerinin eniyileyimi sirasinda eglesik (ing: coupled) bi¢imde olan Fredholm tiiri
tiimlev (ing: integral) denklemler ile kargilagiimaktadir. Bu eslesik denklemler, savda
“Uzamecil Aynistnm™ adh verilen yontem ile ayngik (ing: uncoupled) ve her bir
denklem, Oziine-es (ing: self-adjoint) ve ukiz (ing: compact) bir Hilbert-Schmidt
tiimley islecinin (ing: integral operator) izgecil sorunu (ing: spectral problem) olarak
kargimiza gikmugtir, Bu izgecil sorunlarn her birinin en baskin dzdegerine kargihik
gelen dziglevlerin (ing: eigenfunction) ise. ashinda, aranilan eniyilenmis tekdegigkenli
destek islevlerinden baska bir sey olmadiklar agikca gosterilmistir. Bu baZlamda,
savda gelistirilen saptinm tabanli yontem, Oziine-¢g ve ukiz Hilbert-Schmidt tiimlev
isleclerinin en baskin ozikililerini (ing: ecigenpairs) bulmak igin geligtirilmig bir
yontemdir. Bu yontem araciifiyla, ilgili timlev iglecin en baskin dzdeger ve
eslik eden oziglevlerine birer sonsuz sapurim toplamdizisi (ing: series) Kargihk
getirilmigti.  Bu toplamdiziler, saptinm degigtirgesinin Usliilerini igeren sonsuz
sayida terimden olugmaktacir. Bu terimlerin tiimiinii birden kullanmak olanakh
olmadifindan, ilgili toplamdizide kesme yapilarak, 6zdeger ve Gzigleve yaklagtinm
yapimi olanakl duruma gelmig olur.  Savin amaci dogrultusunda dzislev kavram
one gikuigindan, dziglev igin geligtirilen toplamdizinin yakinsakh irdelenmig ve ilgili
toplamdizinin karmagik uzayda bos olmayan bir teker (ing: disc) igerisinde yakinsadig
gosterilmigtir.  Elde edilen kurameil (ing: theoretical) bulgular sayicil uygulamalar
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aracth@iyla desteklenmistit,.  Baylelikle, suvda, Oziine-cs ve ukiz Hilbern-Schmidt
timlev igleclerinin izgecil sorununun ¢dzimil amaciyla sapunm tabanh oldukga
etkin ve Ozglin bir yontem gelistirilmistir.  Geligtirilen saptinm tabanh yontem
kullamlarak, bir ¢oziimciil ikidegiskenli islevin CYCG agilim igin destek islevi
tirctimi olanakh duruma gelmistir. Elde edilen eniyilenmis destek islevieriyle, degisik
tiirden ikidegigkenli iglevler i¢in CYCG yaklagtimmlar gergeklestirilmig ve bulunan
sonuclar eniyileyis yapiimadan kullantlan destek iglevleri yardimiyla gergeklestirilen
CYCG yaklagtinmlanyla karsilagtinlmigtir. Bu sonuglara gore, ilgili toplamdizilerin
yakinsakhk tekerleri igerisinde kahndikga, eniyilenmiy desteklerin, diger desteklere
gore daha etkin CYCG yaklagtinm sagladiklan gézlemlenmigtir.  Boylelikle savin
amaci olan CYCG'nin etkinliginin arttirnmu ve bu baglamda ele alinan destek iglevi
eniyileyisi olgusuna ulasiinugtr,

XXi



A NEW SUPPORT FUNCTION DETERMINATION METHOD IN
ENHANCED MULTIVARIANCE PRODUCTS REPRESENTATION

SUMMARY

The real problems which are encountered within the daily life events arise via the
interaction of many variables or parameters. The explanation and the elaboration of
these events scientifically play an important role in the analysis of the past and the
future events. The same situation is valid, of course, for scientific and engineering
problems. For instance, the evolution of a system, increment or decrement of heat
level in a medium, the dynamics occuring in human blood flow reactions and the
money trends in economics depend on many entitics varying dependently to the
some of the other ones or changing independently. Thus, the multivariate analysis
becomes important in order to understand the considered issues, Scientists gather
data by observing the problem they are dealing with and then, labor to construct
novel analytical models representing the problem under consideration efficiently.
Then, they verify their models via simulations. All these processes may be hard
to tackle with according to the multivariance and the non-linearity level of the
problem 1o be dealt with. To this end, the simplification of these analytical
models via decomposition techniques becomes crucial at least as modelling for the
relevant problem. Abovementioned models are named as multivariate functions in
mathematical sense and the decomposition problem of these functions stands as an
important problem which should be analyzed carefully.

In order to overcome the abovementioned problem. a set of numerical methods have
been developed by Group for Science and Methods of Computing ( G4SMC) located at
istanbul Technical University, Informatics Institute and being led by Prof. Dr. Metin
Demiralp. One of these methods is Enhanced Multivariance Products Representation
(EMPR). EMPR is a useful and easy-to-implement tool and utilized efficiently for the
analysis of scientific and engineering problems of many varicties. EMPR stands as
a generalization of a well-known statistics based method High Dimensionel Model
Representation (HDMR) whose development history goes 10 1990s and conjectured
by the Russian statistician Sobol. It is possible to represent an analytic multivariate
function in terms of the functions having less independent variables. The entities which
is desired to be expressed by the word “functions having less independent variables™
are the EMPR components and univariate support functions. EMPR expansion of
an analytic multivariate function is constructed with the help of these elements. In
particular, the univariate support functions are important determining agents for the
EMPR expansion under consideration, and enable flexibility to EMPR in comparison
with HDMR. Thus, the choice of the univariate support function set stands as one
of the importatnt issues in an EMPR cxpansion. In order to be able to obtain
an EMPR expansion of a multivariate function, the function under consideration
should be analytic over the multidimensional orthogonal geometry where the relevamt
function defined on. This geometry constitutes a rectangular hyperprism and can
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be constructed by the Cartesian products of cach relevant closed interval where
cach independent vaviable of the analytic multivariable function lays on. This fact
brings the orthogonality property 10 the mentioned geometry, On the other hand,
the EMPR expansions (or decompositions) of the multivariate functions satisfying
the abovementiond features consist of the summands of the finite number of terms
accumulatively. By truncating the relevant expansion at a certain level while ignoring
the rest of the terms yields an approximation to the analytic multivariate function
under consideration. Although there are a few factors which affect the quality of
this approximation, the structures of the univariate support functions are the most
important ones, as mentioned before. By choosing appropriate support function set in
EMPR process, it becomes possible to obtain efficient approximations for the relevant
multivariate function. Thus. instead of utilizing any convenient support function set,
it becomes rational to optimize these elements whose utilization in relevant EMPR
expansion gives the most efficient EMPR approximation, to this end. This fact is aimed
and tackled in present thesis, an original and efficient method has been developed in
this sense. The development of this novel method actually depends on some facts
which were observed at the beginning phase of the related research. According to
the corresponding observations, the quality of EMPR approximation for an analytic
multivariate function increases while the multidimensional orthogonal geometry to be
worked on shrinks. Thus, instead of dealing with a multidimensional geometry where
the relevant function is defined on. the fact of splitting this whole space into an amount
of subspaces having same dimensionality properly arises, Then, the application of
EMPR procedure to the function under consideration over each subspace becomes
possible and the overall approximation quality for the corresponding multivariable
function is increased. This approach is called Piecewise EMPR and it is showed
that this method works better then plain EMPR in most cases via the numerical
implementations,

The determination of EMPR components and old-styled (Directionally Averaged
Supports) univariate support functions involves the evaluation of multiple integrals
consecutively. If the analytic structure of the integrands of these integrals enable
us to compute them analytically, the relevant evaluations may be executed without
making any significant effort. Unfortunately, in general, it becomes convenient o
proceed with the help of a quadrature method to calculate the corresponding integrals
numerically, due to the complicative structures of the integrands in definite integrals.
In present thesis, a method called Fluctuation Free Integration is utilized in this
sense. In this novel quadrature method, the eigenvalues of the matrix representation
of the algebraic operator is utilized as the node points while the first elements’
squares of the corresponding cigenfunctions are assessed as the weight factors. With
the help of the Fluctuation Free Integration, EMPR components and the univariate
support functions are approximated efficiently and relevant EMPR expansion for the
multivariate function under consideration is achieved without having any considerable

difficulty.

According to the results obtained by using narrower multidimensional geometries,
development of a perturbation based method has become prominent in order to
optimize the univariate support functions. It is known from the scientific literature
that, the problems involving small valued parameters can be approximately solved
with the help of the perturbation analysis. These small valued parameters are called
the perturbation parameters and some convenient infinite series mvolving the powers
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of these perturbation paramecters are aimed to be computed.  Thus, the entities,
which are desired to be determined, are represented using an appropriate infinite
series. Through the optimization process for univariate support functions in EMPR,
coupled Fredholm integral equations of first type are encountered. These integral
equations arc uncoupled using a method called Geometric Separation by the inspiration
of well-known process Singular Value Decomposition. Thus, a pair of uncoupled
equations involving self-adjoint and compact Hilbert-Schmidt integral operators are
obtained, These equations clearly stand as the spectral problems of two similar
Hilbert-Schmidt integral operators and dictate that the eigenfunctions accompanying
the most dominant eigenvalues for each integral operator Hilbert-Schmidt integral
operator is nothing but the optimized univariate support function. Concordantly, the
perturbation based novel method developed in present thesis is a method to determine
the most dominant eigenpair of a self-adjoint and compact Hilbert-Schmidt integral
operator. Thus, by applying this new method, the most dominant eigenvalue and the
accompanyimg cigenfunction (optimized support functions) can be represented as an
infinite series involving the corresponding perturbation parameter. By truncating these
series at certain levels, approximations for the relevant entitics are acquired, since
there is no possibility to work with infinitely many terms. Since the corresponding
eigenfunctions of the relevant Hilbert-Schmidt integral operators according to the
needs encountered and mentioned in present thesis, convergence issues for the
infinite perturbation series representing the relevant eigenfunctions are analyzed.
Thus, it is shown that the relevant perturbation series converge in a non-empty
disc on one-dimensional complex plane. The theoretical observations are verified
through the numerical implementations. The numerical results obtained in these
implementations are presented via the figures and tables accordingly. Then, it is
possible to indicate that, a genuine and efficient numerical method based on a
perturbation scheme for determining the most dominant eigenpair of a self-adjoint
and compact Hilbert-Schmidt integral operator is proposed and developed during the
researchs within the present thesis study. Then, it becomes possible to produce a pair
of optimized univariate support functions in order to be utilized in EMPR expansion
of an analytic bivariate function. Numerical implemantations has been revealed to
this end. and the results obtained by utilizing optimized supports are compared with
the ones obtained with the help of the directionally averaged supports. According 1o
the relevant results, the EMPR approximations using the optimized supports are more
efficient than EMPR approximations obtained by using directionally averaged supports
as long as the corresponding infinite perturbation series converge. Thus, the aim of the
thesis, which is the empowering of the efficiency of EMPR approximations, and the
support function optimization are achieved.
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